Bounded-input bounded-output stability conditions for fractional-order linear time-invariant (LTI) system with multiple noncommensurate orders have been established in this paper. The orders become noncommensurate orders when they do not have a common divisor. Sufficient and necessary conditions of stability for this kind of fractional-order LTI system with multiple noncommensurate orders. Based on the numerical inverse Laplace transform technique, time-domain responses for a fractional-order system with double noncommensurate orders are presented to illustrate the obtained stability results.
I. INTRODUCTION
We all know that in Laplace domain, 1/s represents a pure integrator of order one. Based on fractional calculus [1] , [2] , [3] , it is meaningful both mathematically and physically to discuss the fractional order integrator [7] 1/s β , where β is a real number. Moreover, it is even possible to discuss the so-called "distributed-order integrator" [29] β 0 1/s α dα. Clearly, fractional order integrator 1/s β is a special case of "distributed-order integrator" β 0 w(α)1/s α dα where the weighting function w(α) = δ(α − β) with δ the Dirac delta function.
Fractional calculus, having 300 plus years' history, generalizes the traditional (integer-order) calculus in which the order of derivatives and integrals can be an arbitrary number, e.g., real or even complex order. Several monographs [1] , [2] , [3] serve a good source of knowledge of theory and applications on fractional calculus. More and more research results announced verify the fact that the behavior of real systems can be described by fractional-order differential equations [4] . One resulting consequence is that fractional calculus is being extensively applied to control theory and applications [5] , [6] , [8] , [9] ,
[10], as also documented the latest dedicated monograph [7] . Distributed-order fractional operators can be obtained when the fractional calculus operators were integrated with respect to the order variable. Caputo proposed the distributed order equation in 1969 [11] and solved it in 1995 [12] . Recently, distributed-order operator has become a more precise tool to explain and describe some real physical phenomena, such as the complexity of nonlinear systems [13] , [14] , [15] , [16] , [17] , [18] , non-homogeneous [19] , [20] , [21] , [22] , multi-scale and multi-spectral phenomena [23] , [24] , [25] , etc. The application of distributed-order equation in control theory was analyzed in [26] . A distributed-order diffusion equation with double-order has been exactly solved in [27] , and the exact solutions of distributed-order differential equations with triple-order for anomalous relaxation and diffusion were discussed in [28] . For more knowledge about distributed-order theories and applications, please refer to [29] , [30] , [31] , [32] . Note that the integer-order or fractional-order systems are special cases of distributed-order systems [33] . Therefore motivated by the previous references, this paper addresses the bounded-input bounded-output stability for fractional-order systems with multiple discrete noncommensurate orders. 
II. PRELIMINARIES
In order to utilize fractional calculus for the discussion in this paper, the fundamental knowledge of fractional calculus is firstly recalled [5] . The unified formula of fractional-order integral is defined as follows:
where α > 0, f (t) is an arbitrary integrable function, Γ(·) denotes the Gamma function.
It can be known that the fractional-order integral can be expressed as a convolution of the form
with the kernel of the convolution φ α (t) =
, (α > 0), and t α−1 + = 0 when t < 0.
Based on the fractional-order integral definition, two well-known fractional-order derivative operators definitions with n − 1 < α < n, n ∈ N are presented as follows:
• Riemann-Liouville fractional-order derivative:
Note that Laplace transform is a fundamental tool in systems and control engineering, in the following Laplace transforms for the fractional-order calculus operators defined above are given.
Laplace transform for fractional-order integral:
Laplace transform for Riemann-Liouville fractional-order derivative:
Laplace transform for Caputo fractional-order derivative:
III. MAIN RESULTS
In this section, bounded-input bounded-output (BIBO) stability in the context of fractional-order systems with noncommensurate orders are established for two cases.
A. Case 1: double noncommensurate orders
For the fractional-order system with double noncommensurate orders described by
where 0 < β 1 , β 2 ≤ 1 are noncommensurate orders, which means that they do not have a common divisior. In the following, β 1 and β 2 are assumed to be irrational numbers.
Remark 1: Distributed-order system (1) can always be converted to a fractional-order system with commensurate order if both β 1 and β 2 are rational numbers [7] . When at least one of β 1 and β 2 is not a rational number, they do not have common divisors. Based on Cauchy's theorem, a graphical test to evaluate fractional-order systems with noncommensurate orders are given in [34] , and the system is considered in frequency domain, however, this method is not very helpful because of the complicated procedures. In current paper, sufficient and necessary condition for fractional-order system with double noncommensurate orders is proposed first.
Under the assumption of zero initial conditions, taking the Laplace transform of (1), and let u(t) = δ(t),
we have
Assume that D = 0, the transfer function of (1) is
Paralleled with the BIBO stability for traditional control systems, we have the following definition.
, where * stands for the convolution product and
stands for the Lebesgue space of measurable function h such that ess sup 
π, 
for s = jω (−∞ < ω < 0), we have
which means that the imaginary axis is mapped to a curve denoted by l, which is symmetrical with respect to the real axis. By choosing a s randomly which lies on the left of the imaginary axis, the range of λ = s β 1 + s β 2 lies on the left of curve l, which is plotted in Fig. 1, with Remark 3: For fractional-order system described by D β i x(t) = Ax(t) + Bu(t) (i = 1, 2), the stable boundary is defined as l β i := l a i l b i , where l a i and l b i are symmetrical with respect to the real axis, and
π, ω ∈ [0, ∞) . l β 1 and l β 2 are also plotted in Fig. 1 and Remark 4: We assume that 0 < β 1 , β 2 ≤ 1 in (1), which means that both β 1 and β 2 can not be 0.
Without loss of generality, if β 2 = 0, β 1 is a irrational number, (1) will become D β 1 x(t) = A 0 x(t)+Bu(t), Remark 5: If both β 1 and β 2 are irrational numbers, let β 2 = kβ 1 , where k is a positive integer. When
, and the stable boundary is l β 1 defined in Remark 3 with respect to A 1 . When k = 2, (1) will
, and the stable boundary is l β 1 defined in Remark 3 with respect to A 2 . When k is any positive integer, the similar conclusion can be obtained.
B. Case 2: multiple noncommensurate orders
For the fractional-order system with multiple noncommensurate orders described by
where β i (i = 1, 2, · · · , n) are noncommensurate orders, which means they do not have a common divisor.
Similar to the analysis in Case 1, let u(t) = δ(t), then the transfer function of (2) under the assumption of zero initial conditions is
And we have the following parallel results.
Definition 2: Fractional-order system (2) defined by its impulse response
stands for the Lebesgue space of measurable function h such that ess sup • all the eigenvalues of A lie on the left of curve l 1 := l 1a l 1b , where l 1a and l 1b are symmetrical with respect to the real axis, and l 1a := {x + iy |x = x ω , y = y ω , ω ∈ (0, ∞)}, with x ω and y ω defined as
Proof: The proof of this theorem is similar to the proof of Theorem 1 and Theorem 2.
Remark 6: From calculation and the ploting through MATLAB, we know that curve l 1 must lies between l min and l max which are defined as
IV. NUMERICAL EXAMPLES
In this section, numerical examples are shown to demonstrate the effectiveness of the proposed concept.
Example 1. Consider a fractional-order system (1) with double noncommensurate orders described with parameters as
The eigenvalues of A are λ 1 = 1 + 2j and λ 2 = 1 − 2j, it can be known from Theorem 2 that this fractional-order system is bounded-input bounded-output stable. Based on the numerical inverse Laplace transform (NILT) technique [36] , the states of impulse response for H(s) = C (s
with null initiations are shown in Fig. 3 and Fig. 4 , respectively.
Example 2. Consider a fractional-order system (1) with double noncommensurate orders described with parameters as
The eigenvalues of A are λ 1 = 1 + j and λ 2 = 1 − j, it can be known from Theorem 2 that this fractional-order system is not bounded-input bounded-output stable. Based on the NILT technique, the states of impulse response for H(s) = C (s β 1 + s β 2 )I − A −1 B with null initiations are shown in Fig. 5 and Fig. 6 , respectively.
V. CONCLUSIONS
The bounded-input bounded-output stability conditions for fractional-order linear time-invariant system with double noncommensurate orders and multiple noncommensurate orders are established in this paper. 
